ABSTRACT. We say a polytope is Ehrhart positive if all the coefficients in its Ehrhart polynomial are positive. Answering an Ehrhart positivity question posed on Mathoverflow, Stanley provided an example of a non-Ehrhart-positive order polytope of dimension 21. Stanley's example comes from a certain family of order polytopes. In this paper, we study the Ehrhart positivity question on this family of polytopes. By giving explicit formulas for the coefficients of the Ehrhart polynomials of these polytopes in terms of Bernolli numbers, we determine the sign of each Ehrhart coefficient of each polytope in the family.
INTRODUCTION
Let P ⊂ R e be an integral convex polytope, that is, a convex polytope whose vertices have integer coordinates, of dimension d (where d ≤ e). Given integers t = 1, 2, . . ., we write i(P,t) for the number of integer points in tP, where tP := {tx : x ∈ P} is the tth dilation of P. In other words, i(P,t) = |tP ∩ Z d |, t = 1, 2, . . ..
In the 1960's Ehrhart [6] discovered that i(P,t) is a polynomial in t of degree d. Therefore, we call i(P,t) the Ehrhart polynomial of P, and call the coefficients of i(P,t) the Ehrhart coefficients of P.
It is well-known (we refer to the book [3] ) that the leading coefficient of i(P,t) equals the Euclidean volume of P, the second highest coefficient equals half of the boundary volume of P, and the constant term is always 1. Thus, these three Ehrhart coefficients are always positive. We call the remaining Ehrhart coefficients, that is, the coefficients of t d−2 ,t d−3 , . . .,t 1 of i(P,t), the middle Ehrhart coefficients of P. Unfortunately, it is not true that every middle Ehrhart coefficient is positive. One sees that middle Ehrhart coefficients only appear when d ≥ 3, and the first counterexample already comes up at dimension 3 known as the Reeve's tetrahedron (see [3, Example 3.22] ). Recently, it was shown in [10] that for each d ≥ 3, there exists an integral convex polytope of dimension d such that all of its middle Ehrhart coefficients are simultaneously negative.
We say that an integral convex polytope has Ehrhart positivity or is Ehrhart positive if all of its (middle) Ehrhart coefficients are positive. It is natural to ask the following question:
. Which families of integral convex polytopes have Ehrhart positivity?
Quite a few families of polytopes, such as zonotopes [19] , the y-family of generalized permutohedra [15] , cyclic polytopes [11, 12] and flow polytopes arising from certain graphs [14] , are known to have this property. On the other hand, in addition to the aforementioned work [10] on examples of polytopes with negative Ehrhart coefficients for each dimension d ≥ 3, recent work has been done giving a negative answer to Question 1.1 for certain families of polytopes by constructing examples in each sufficiently large dimension. For instance, as a consequence of work in [4] . Please refer to the survey paper [13] for a general discussion on Question 1.1.
In this paper, we will focus our attention to the family of order polytopes, which was first introduced and studied by Stanley [18] . We assume readers are familiar with the definition of a poset presented in [20, Chapater 3] . Definition 1.2 (Definition 1.1 in [18] ). The order polytope O P of a finite poset (P, ≤ P ) is the subset of R P = { f : P → R} defined by
We remark that Stanley also associates a "chain polytope" C P to each finite poset [18, Definition 2.1]. Since the order polytope O P and the chain polytope C P associated to a same poset have a same Ehrhart polynomial [18, Theorem 4.1], we omit the discussion on chain polytopes.
It is known that the order polytope of a d-element poset is a (0, 1)-polytope of dimension d. Order polytopes has been studied by many authors from different viewpoints of combinatorics [18] , commutative algebra [8, 9] , algebraic geometry [2] , and representation theory [23] , and they have good properties (e.g., compressed polytopes, algebras with straightening rows on finite distributive lattices and Koszul algebras 
where B n is the nth Bernoulli number.
As a consequence of the above formula, we are able to determine the sign of each Ehrhart coefficient of O Q k completely. We have the following immediate corollary to Theorem 1.5, providing an affirmative answer to a question asked by Hibi (private communication).
Corollary 1.6. For any positive integer ℓ, there exists a finite poset P such that i(O P ,t) has precisely ℓ negative coefficients.
Another clear consequence of Theorem 1.5 is that it settles our initial goal of finding order polytopes with a negative Ehrhart coefficient for every sufficiently large dimension. More precisely, since O Q k is of dimension k + 1, there exists a non-Ehrhart-positive order polytope for each dimension d ≥ 21. This naturally motivates us to consider the following question:
Question 1.7. Can we construct order polytopes of lower dimensions, i.e., d ≤ 20, that have a negative Ehrhart coefficient?
We will discuss this question in the last part of this paper, and prove the following result: This article is organized as follows. In Section 2, we recall definitions of Bernoulli polynomials and Bernoulli numbers, review their properties that are necessary for this paper, and then complete proofs for Theorems 1.4 and 1.5. In Section 3, we discuss Question 1.7 on the existence of lower-dimensional non-Ehrhart-positive order polytopes, and provide construction of order polytopes with negative Ehrhart coefficients of dimension d ∈ {14, 15, . . ., 20}.
We finish this introduction with two questions for possible future research. Notice that it follows from the statement of Theorem 1.5 that for each integer k ≥ 20, the coefficient of t j of i(O Q k ,t) is positive for all j : k − 18 ≤ j ≤ k + 1, and t k−19 is the highest degree term that has a negative coefficient. Therefore, even though we were able to construct non-Ehrhart-positive order polytopes for each sufficiently large dimension, our construction does not give negative Ehrhart coefficients at higher degree terms. This is also true for the non-Ehrhart-positive order polytopes of dimension d ∈ {14, 15, . . ., 20} provided in Section 3; which all have negative coefficients appear in lower degree terms. Hence, it is natural to ask the following question: Bernoulli numbers and Bernoulli polynomials are well-studied mathematical objects. Below we list a few of their properties (see the book [1] ) that will be used in the proofs of Theorems 1.4 and 1.5. 
In particular, when t = 1, we get 1
(B5) For any positive integer n ≥ 2, we have
We are now ready to prove Theorem 1.4.
Proof of Theorem 1.4. It follows from (1.1) and Property (B4) that
. Then by the above formula, we have that
Using the facts that B 0 = 1, one sees that a
. Hence, it is left to show that for any integers k and j satisfying 1 ≤ j ≤ k,
We first show (2.1) holds when j = 1, equivalently, a
Therefore, a
where the second equality follows from Property (B3) with x = 1. Now one sees that it suffices to show that a
j , for any j ≥ 1, to finish the proof for (2.1). Indeed,
This completes the proof. 
It is easy to verify that for any m ≥ 5, we have
Applying the fact that B 4 = −1/30, the induction hypothesis, and the above two inequialities, we obtain
LOW-DIMENSIONAL NON-EHRHART-POSITIVE ORDER POLYTOPES
In the same mathoverflow post [16] mentioned in the introduction, Stanley stated that using Stembridge's posets package for Maple [22] , one can check that the order polytope of any poset with at most eight elements is Ehrhart positive. We extended his approach and verified that the order polytope of any poset with at most eleven elements is Ehrhartpositive by using Stembridge's posets package together with SageMath [21] . We remark that the number of posets with eleven elements is 46749427 and it took about three weeks to run the compute to check them. It will be difficult to go beyond posets with more than 11 elements because there are already 1104891746 (more than one billion) posets with 12 elements [5] .
On the other hand, from Theorem 1.5 we know that for any integer d ≥ 21, there exists a non-Ehrhart-positive order polytope of dimension d. Therefore, in order to prove Theorem 1.8, it remains to show examples of non-Ehrhart-positive order polytopes of dimension d = 14, 15, . . ., 20. The rest of this paper is devoted to constructing these examples, for which we need to recall two more concepts: "h * -polynomials" of polytopes and "ordinal sums" of posets.
It is well-known that the generating function of the Ehrhart polynomial i(P,t) of an integral convex polytope P of dimension d can be expressed as a rationl function of the form: d+1 .
The polynomial in the numerator
is called the h * -polynomial of P. We can extract the Ehrhart polynomial of P from its h * -polynomial by the following formula:
It is a well-known result due to Stanley that h * (P, z) is a polynomial in z with nonnegative integer coefficients of degree at most d. (See [3] for more discussion on h * -polynomials.)
The ordinal sum of two disjoint finite posets (P, ≤ P ) and (Q, ≤ Q ) is the poset (P ⊕ Q, ≤ P⊕Q ) on P ⊕ Q = P ∪ Q such that s ≤ P⊕Q t if (a) s,t ∈ P and s ≤ P t, or (b) s,t ∈ Q and s ≤ Q t, or (c) s ∈ P and t ∈ Q. See Figure 1 for an example.
The ordinal sum of a 2-elements chain and a 2-elements antichain.
Now we can construct examples of lower-dimensional non-Ehrhart-positive order polytopes, finishing the proof of Theorem 1.8.
Example 3.2. For a positive integer k, let P k be a k-element antichain. Then the order polytope
is the Eulerian polynomial of degree k − 1 (see e.g., [20, Example 4.6.15] ). We list below the Eulerian polynomials A k (z) for 6 ≤ k ≤ 10:
For positive integers m, n, let P m,n be the ordinal sum of P m and P n . Note that P k,1 = Q k . So this is a naturally generalization of the family of posets Q k considered in Section 2. By Lemma 3.1, one has
We then apply (3.1) to compute Ehrhart polynomials of O P n,n for 6 ≤ n ≤ 10, and Ehrhart polynomials of O P n,n+1 for 6 ≤ n ≤ 9. The computation results are listed in Table 1 , from which we see that the first two order polytopes, O P 6,6 and O P 6,7 , are Ehrhart-positive, 
